Abstract. Let X be a connected reduced scheme over a field k, x P Xpkq be a krational point.
Introduction
Let X be a locally Noetherian connected scheme, x P Xpkq be a geometric point. Let ECovpXq be the category of finiteétale coverings of X. Then we have a fibre functor F from ECov(X) to the category of finite sets by sending any finiteétale covering f : Y Ñ X to its fibres f´1pxq. In [SGA1] [Exposé V] A.Grothendieck proved that ECov(X) together with the fibre functor F forms a Galois category. Then he defined theétale fundamental group πé t 1 pX, xq :" AutpF q to be the group of automorphisms of F . πé t 1 pX, xq is a profinite group, i.e. a topological group of the form lim Ð ÝiPI G i where I is a small cofiltered category and G i is a finite group for each i P I. This profinite group classifies all torsors under finite groups, in particular when G is a finite abelian group we have H 1 et pX, Gq " Hom cont pπé t 1 pX, xq, Gq. If X " Spec pkq, x P Xpkq be the field extension k Ďk, then I can be chosen as the set of finite Galois sub-extensions of k Ďk, and for each i " pk Ď Kq P I, G i :" GalpK{kq, so πé t 1 pX, xq " lim Ð ÝiPI G i is just the absolute Galois group Galpk{kq. Let X be a proper reduced connected scheme over a perfect field k, x P Xpkq be a rational point. In [Nori, Part I, Chapter I] M.V.Nori constructed a full subcategory EsspXq Ď VecpXq of the category of vector bundles on X. Objects in EsspXq are called essentially finite vector bundles. He proved that EsspXq with the fibre functor ω from EsspXq to the category of finite dimensional vector spaces sending V Þ Ñ V | x is a Tannakian category over k. Then he defined π N pX, xq :" Aut b pωq to be the group of tensor automorphisms of ω. π N pX, xq is a profinite k-group scheme which classifies all k-pointed torsors over X under finite k-group schemes. In particular when G is a finite abelian k-group scheme we have H 1 fppf pX, Gq " Hom grp.sch pπ N 1 pX, xq, Gq. However, in this construction the properness assumption is vital, so the construction does not apply to non-proper schemes. To remedy this M.V.Nori introduced in [Nori, Part I, Chapter II] another construction of π N 1 pX, xq which works for any connected reduced scheme X equipped with a rational point k. However, as a generalization of πé t 1 pX, xq, there is still a problem that when X{k is taken to be k{k, π N 1 pX, xq is trivial. In [EH] H.Esnault and A.Hogadi constructed a Tannakian category StratpX, 8q, the category of generalized vector bundles, for any smooth variety X over a perfect field k. If x P Xpkq, then they define π alg,8 pX, xq to be the Tannakian group of StratpX, 8q, and they proved that π N pX, xq is the profinite quotient of π alg,8 pX, xq. But still π alg,8 pSpec pkq, xq " t1u. In this note we would like to slightly generalize Nori's second idea, the non-proper one, with a hope to obtain a profinite group scheme which is more comparable to Galpk{kq in the case when X{k is k{k.
Let X be a reduced connected scheme over a field k, x : S Ñ X be a non-empty morphism of schemes. Let NpX{k, xq be the category of torsors under finite k´group schemes with fixed S-point lying over x. In the first part of this note we construct a neutral Tannakian category CpX{k, xq with a fibre functor ω from CpX{k, xq to the category of finite dimensional k-vector spaces. We then define π N pX{k, xq :" Aut b pωq to be the Tannakian group of CpX{k, xq. By some purely abstract nonsense we have π N pX{k, xq " lim Ð ÝiPNpX{k,xq G i , where G i are finite group schemes over k. Thus π N pX{k, xq is a profinite group scheme which classifies S-pointed torsors over X under a finite group scheme (2.2). If x P Xpkq is taken to be a k´rational point, then this coincides with Nori's original definition. If X{k " k{k, x : Spec pkq Ñ Spec pkq is taken to be the natural inclusion k Ďk, then π N pX{k, xq is a profinite k´group scheme which admits Galpk{kq (viewed as a k-group scheme) as a quoitent. The structure of the category CpX{k, xq we are considering here is rather crude. It is tautologically equivalent to the direct limit lim Ý ÑiPNpX{k,xq Rep k pG i q.
This construction also works when we replace NpX{k, xq by certain sub-categories IpX{k, xq Ď NpX{k, xq. When IpX{k, xq is taken to be those pointed torsors whose group schemes areétale (resp. constant, local), the fundamental group is denoted by π E pX{k, xq (resp. π G pX{k, xq, π L pX{k, xq). We have the following canonical surjections 2.7,
In fact, π G pX{k, xq is nothing but a "group scheme version" of πé t 1 pX, xq, 2.5 (ii). Although π E pX{k, xq and πé t 1 pX, xq are all fundamental groups classifyingétale coverings they are indeed largely different. For example, we know πé t 1 pSpec pRq, xq " GalpC{Rq " Z{2Z and the universal covering of Spec pRq under πé t 1 pSpec pRq, xq is Spec pCq, while we have Proposition 0.1. Let R be the field of real numbers,x : Spec pCq Ñ Spec pRq be the morphism corresponding to the natural inclusion R Ă C. Then
is an infinite R´group scheme, and the universal covering corresponding to π E pR{R,xq is a non-Noetherian affine scheme with infinitely many connected components.
We can also prove that π E pF p {F p ,xq is non-commutative (2.16). For abelian varieties X{k we know πé t 1 pX{k, 0q " lim Ð ÝnPN`X rnspkq, but we have an example (2.18) to show that π E pX{R, 0q is non-commutative for X an abelian variety over C.
We then do some trivial computations. The results are (i) π L pk{k,xq " t1u, π N pk{k,xq " π E pk{k,xq, when k is a perfect field and x is k Ďk; (ii) π E pk{k,xq " t1u, π N pk{k,xq " π L pk{k,xq, when k is a separably closed field and x is k Ďk; (iii) π N pX{k,xq " π E pX{k,xq " π L pX{k,xq " t1u, when X is A n k with k a field of characteristic 0 or X is P n k with k a field of arbitrary characteristic. Next we are trying to find the analogue of the fundamental exact sequence of πé t 1 defined in [SGA1] [Exposé IX, Théorème 6.1]. We find two analogues, one is the following.
Proposition 0.2. Let X be a scheme geometrically connected separable over a field k, x P Xpkq be a geometric point, then there is a complex of k-group schemes (1) 1 Ñ π I pX{k,xq Ñ π I pX{k,xq Ñ π I pk{k,xq Ñ 1
where I " N, L or E. This sequence is always surjective on the right, not always injective on the left, and is exact in the middle if and only if the following two conditions are satisfied.
(i) For any I-saturated object pP, G, pq P IpX{k,xq, the image of the composition of the natural homomorphisms π I pX{k,xq Ñ π I pX{k,xq ։ G is a normal subgroup of G. (ii) Whenever there is an object pP, G, pq P IpX{k,xq whose pull-back alongX Ñ X is trivial then there is an object pQ, H,P Ipk{k,xq whose pull-back along X Ñ Spec pkq is isomorphic to pP, G, pq.
We prove that (i) holds for triples pP, G, pq where G isétale and P is connected (3.7) or G is local and k is perfect (3.12). We give an example (3.9) to show that (i) fails when P is not connected while G is stillétale. We prove that (ii) holds when k perfect (3.6) or G iś etale (3.11) but fails (3.5) when k is not perfect and G is notétale. The other analogue sequence is Proposition 0.3. Let X be a scheme geometrically connected separable over a field k, x P Xpkq be a geometric point, then there is a natural sequence ofk-group schemes
It is a complex, surjective on the right, injective on the left when k is perfect, but it is in general not exact in the middle for I " N, E, L. Hélène Esnault for leading me into this beautiful π 1 world, supporting my career and influencing me from her work. I thank my friend Jilong Tong for a lot of extremely constructive discussions. I also thank M.Romagny, A.Vistoli and G.Zalamansky for their interest and helpful discussions.
Notation and Conventions
(i) We always use k to denote a field,k to denote its algebraic closure.
(ii) Let f : S 1 Ñ S be a morphism of schemes, X 1 be a scheme over S 1 . We say X 1 possess an S-form if there is a scheme X over S whose pull-back along f is isomorphic to X 1 . (iii) When X is a scheme over k, we useX to denote Xˆkk. If k Ď K is a field extension we use X K to denote Xˆk K. Sometimes we also useX (resp.X K ) to denote something overk (resp. K) which does not necessarily possess a k-form X. This depends on the situation we are in. (iv) Let XˆS Y be a fibred product of schemes. We use pr 1 to denote the first projection XˆS Y Ñ X and pr 2 to denote the second projection. (v) Let G be a group scheme over k. In this note, a G-torsor over X is an X-scheme P equipped with a right action ρ : Pˆk G Ñ P , where ρ is a morphism of X-schemes which induces an isomorphism pr 1ˆρ : Pˆk G Ñ PˆX P . Moreover we require that the structure map P Ñ X of the X-scheme P is faithfully flat and quasi-compact. (vi) Let X be a scheme. We use X red to denote the reduced closed subscheme structure of X. (vii) Let f : X Ñ S be a morphism of schemes. We call f separable [SGA1] [Exposé X, Définition 1.1] if it is flat and all its geometric fibres are reduced. (viii) Let G be a group scheme over k, H Ď G be a subgroup scheme. We say H Ď G is a normal subgroup scheme if for any k-scheme T , HpT q Ď GpT q is a normal subgroup.
Note that H Ď G is normal if and only ifH ĎḠ is normal. (ix) Let S 1 Ñ S be a Galois covering, i.e. a connected finiteétale covering which is a torsor under its own automorphism group Aut S pS 1 q. Let π 1 : X 1 Ñ S 1 be a morphism of schemes. A twisted action of Aut S pS 1 q on X 1 is a group homomorphism f : Aut S pS 1 q Ñ AutpX 1 q, where AutpX 1 q is the group of scheme automorphisms of X 1 , such that for any σ P Aut S pS 1 q the following diagram
is commutative. By Grothendieck's general descent theory [BLR, 6.2, Example B, pp. 139] , there is an equivalence of categories between the category of S 1 -schemes equipped with a twisted action from Aut S pS 1 q and the category of S-schemes. We often refer to this as Galois descent. (x) Here is another version of Galois descent. Let k Ď K be a finite Galois extension.
There is an equivalence of categories between the category of finite abstract groups equipped with a continous action from Galpk{kq (resp. an action from GalpK{kq) via group automorphisms and the category of finiteétale k-group schemes (resp. k-group schemes whose pull-back to K is finite constant). [AV, ].
1. The Category CpX{k, x, Iq
Let X be a reduced connected scheme over a field k, x : S Ñ X be a non-empty morphism of k-schemes. Definition 1. Let pP, G, pq be a triple where G is a finite group scheme over k, P is a Gtorsor over X, p : S Ñ P be a k-morphism lifting x : S Ñ X. A morphism from pP 1 , G 1 , p 1 q to pP 2 , G 2 , p 2 q is a pair ps, tq where t : G 1 Ñ G 2 is a k-group scheme homomorphism, s : P 1 Ñ P 2 is an X-scheme morphism which intertwines the group action and sends p 1 Þ Ñ p 2 . We denote the category consisting of such triples by NpX{k, xq. (i) it is non-empty; (ii) for any objects i, j P I, there exists an object k P I and two arrows k Ñ i, k Ñ j; (iii) for any two morphisms
there exists a morphism c : k Ñ j satisfying c˝a " c˝b.
Remark 1.1. The category NpX{k, xq has finite fibred products and a final object pX, t1u, xq, so in particular it is cofiltered. The proof is due to M.V.Nori. Considering the importance of the fact to our construction, we would like to reproduce his proof in our settings. Proof. We have to show that given any two morphisms
where i " 1, 2, the triple pP 1ˆQ P 2 , G 1ˆG G 2 , p 1ˆq p 2 q is again an object in NpX{k, xq.
The action of G 1 on P 1 (resp. G 2 on P 2 ) induces a morphism of k-schemes λ : pP 1ˆQ P 2 qˆk pG 1ˆG G 2 q Ñ pP 1ˆQ P 2 qˆX pP 1ˆQ P 2 q px 1 , x 2 qˆpg 1 , g 2 q Þ Ñ px 1 , x 2 qˆpx 1 g 1 , x 2 g 2 q.
By a purely abstract nonsense argument, we see that the induced morphism is an isomorphism. Now the problem is to show that the projection φ :
be the quotient map. Then there is a unique morphism of schemes i : Y Ñ X through which the projection φ factors. Consider the following commutative diagram:
As i : Y Ñ X is finite, ∆ is of finite presentation [EGA, 1.4.3.1, pp.231] . Since ϕ is finite faithfully flat [AV, 4.16 (iii) ], ϕ˝pr 1 , ϕˆϕ, λ are all finite and faithfully flat. So ∆ is also faithfully flat. But ∆ is already a closed immersion, so it has to be an isomorphism. Hence the finite morphism i : Y Ñ X is a monomorphism [EGA, 17.2.6] in the category of schemes. Thus it has to be a closed immersion [EGA, 18.12.6] . Now look at the following diagram
Since P 1ˆQ P 2 is the fibre of the neutral element of G under the following map
Ý Ý Ñ G, P 1ˆQ P 2 Ď P 1ˆX P 2 must be both open and closed as a sub topological space (but not as a scheme). The map ψ is finite flat and of finite presentation, so the underlying topological space of the scheme Y , as the image of P 1ˆQ P 2 under ψ, is both open and closed in X. Since P 1ˆQ P 2 admits a morphism from a non-empty scheme S, it must be non-empty as well. Thus Y ‰ ∅. Combining this with the condition that X is connected and reduced we conclude that i : Y Ñ X is an isomorphism. Now φ " i˝ϕ is finite locally free and surjective, so in particular FPQC.
Remark 1.3. (i) Proposition 1.2 implies that NpX{k, xq is cofiltered 1 . Indeed, conditions (i), (ii) of Definition 2 are directly checked. For (iii), suppose we have two maps a, b : j Ñ i as in 2, then we could make the following cartesian diagram
where ∆ stands for the diagonal map. The map c in the diagram is precisely what we are looking for.
(ii) It is rather important that we require a point on the torsor, otherwise the category is not cofiltered. For example, let's take X " Spec pkq to be a field, Q " pZ{2Zq k be the trivial torsor under the constant group scheme pZ{2Zq k , P 1 " P 2 " Spec pkq be the trivial torsor under the trivial k-group scheme t1u, φ i : P i Ñ Q pi " 1, 2q be two maps sending P i to the two different points of Q. If the category was cofiltered, then there should be two morphisms of torsors ψ i : P Ñ P i pi " 1, 2q which equalize φ 1 and φ 2 . But P 1ˆQ P 2 " ∅, so this can't happen.
(iii) In 1.2, if G 1 and G 2 areétale then φ is automatically FPQC ([SGA1, Exposé I, Corollaire 4.8., pp.4]) even when X is non-reduced. However, connectedness is still vital.
Definition 3. Let IpX{k, xq Ď NpX{k, xq be a cofiltered full subcategory. We use CpX{k, x, Iq to denote the category whose objects are couples pV, pP, G P , pqq, where pP, G P , pq P IpX{k, xq, V P Rep k pG P q, Rep k pG P q :" the category finite G P -representations By abuse of notations we simply write P :" pP, G P , pq, pV, P q :" pV, pP, G P , pqq, I :" IpX{k, xq instead. The morphisms between two triples pV, P q and pW, Qq are definied by the set Hom CpX{k,x,Iq ppV, P q, pW, Qqq :" lim Ý Ñ iPI P HomppV, iq, pW, Qqq, where I P denotes the category morphisms X Ñ P P I, and HomppV, iq, pW, Qqq is the set of "honest morphisms" which is defined by the set of pairs pλ, f q, where f : i Ñ Q is a morphism in I and λ : V Ñ f˚W is a morphism in Rep k pG i q. If we have another object pU, Oq P CpX{k, x, Iq, then the composition Hom CpX{k,x,Iq ppU, Oq, pV, P qqˆHom CpX{k,x,Iq ppV, P q, pW, Qqq Ñ Hom CpX{k,x,Iq ppU, Oq, pW, Qqq is defined in the following way: suppose that we have two honest morphisms pλ 1 , f 1 q P HomppU, O 1 q, pV, Pand pλ 2 , f 2 q P HomppV, P 1 q, pW, Qqq which represent the two morphisms a P Hom CpX{k,x,Iq ppU, Oq, pV, Pand b P Hom CpX{k,x,Iq ppV, P q, pW, Qqq respectively. Then we have O 2 P I P which dominates both
W by composing λ 1 with λ 2 . So we can define b˝a to be the morphism which is represented by the honest morphism
It is easy to check that this composition is independent of the choice of the representatives. If I " NpX{k, xq we will just write CpX{k, xq :" CpX{k, x, Iq.
Remark 1.4. If we have a morphism f : i Ñ j P I Ď NpX{k, xq and an object pV, jq P CpX{k, x, Iq, then we get another object pV, iq with V being the pull-back of the G jrepresentation to G i . Directly from our definition we see that the canonical map pid, f q : pV, iq Ñ pV, jq is an isomorphism.
Proposition 1.5. Let Vec k be the category of finite dimensional k-vector spaces. The category CpX{k, x, Iq with the forgetful functor ω : CpX{k, x, Iq Ñ Vec k sending pV, P q Þ Ñ V forms a neutral Tannakian category.
Proof. (i). CpX{k, x, Iq is a k-linear category. We define for any two elements a, b P Hom CpX{k,x,Iq ppV, P q, pW, Qqq the sum a`b in the following way. Suppose a is represented by an honest morphism pλ, f q P HomppV, P 1 q, pW, Qqq for some P 1 P I P and b is represented by pµ, gq P HomppV, P 2 q, pW, Qqq for some P 2 P I P , then using the fact that I is filtered we can find P 1 P I P and two maps s :
are the same. By 1.4 we may assume P 1 " P 1 " P 2 and f 1 " f " g. Now we just define a`b to be the morphism represented by pλ`µ, f 1 q P HomppV, P 1 q, pW, Qqq. For any morphism a P Hom CpX{k,x,Iq ppV, P q, pW, Qqq by using the fact that I is filtered and 1.4, we may assume P " Q " P 1 for some P 1 P I Ď NpX{k, xq and a is represented by an honest morphism a " pλ, idq P HomppV, P 1 q, pW, P 1 qq.
We define a to be zero by requiring that λ : V Ñ W is the 0 map. For any s P k we define the k-linear multiplication sa :" psλ, idq. Under these definition Hom CpX{k,x,Iq ppV, P q, pW, Qqq becomes a k-vector space. We also have a canonical map θ : Hom CpX{k,x,Iq ppV, P q, pW, Qqq Ñ Hom Vec k pV, W q sending the pair pλ, idq Þ Ñ λ. One can check easily that this is well defined and that θ is k-linear. It is clear that θ is injective. This implies that Hom CpX{k,x,Iq ppV, P q, pW, Qqq is a finite dimensional k-vector space. We can define the direct sum of two objects pV, P q and pW, Qq as pV ' W, P 1 q for some P 1 which dominates both P and Q.
With the above definition CpX{k, x, Iq becomes k-linear category.
(ii). CpX{k, x, Iq is an abelian category. Given any morphism a : pV, P q Ñ pW, Qq P CpX{k, x, Iq, as usual, we could choose some P 1 which dominates both P and Q and make a a morphism pλ, idq P HomppV, P 1 q, pW, P 1 qq. Then we can define Kerpaq to be pKerpλq, P 1 q and Cokerpaq to be pCokerpλq, P 1 q.
(iii). CpX{k, x, Iq is a tensor category. For two objects pV, P q, pW, Qq P CpX{k, x, Iq we can define pV, P q b pW, Qq :" pV b W, P 1 q. The distinguished element pk, Xq serves as the identity object.
(iv). CpX{k, x, Iq is a rigid tensor category. We define the internal Hom HomppV, P q, pW, Qqq :" pHom Rep k pG P 1 q pV, W q, P 1 q.
One checks that for any pU, Oq, there is a canonical isomorphism of sets between Hom CpX{k,x,Iq ppU, Oq b pV, P q, pW, Qqq and Hom CpX{k,x,Iq ppU, Oq, HomppV, P q, pW, Qqqq. Using the canonical imbedding θ : Hom CpX{k,x,Iq ppV, P q, pW, Qqq ãÑ Hom Vec k pV, W q and the fact that a morphism is invertible in Hom CpX{k,x,Iq ppV, P q, pW, Qqq if and only if it is invertible in Hom Vec k pV, W q one can check readily that we have the following canonical isomorphisms
(v). The forgetful functor
CpX{k, x, Iq Ñ Vec k sending pV, P q Þ Ñ V is clearly a k-linear exact faithful tensor functor. This finishes the proof.
Definition 4. Let X be a connected reduced scheme over a field k, x : S Ñ X be a nonempty morphism of k-schemes, IpX{k, xq Ď NpX{k, xq be a cofiltered full subcategory. We define the I-fundamental group scheme π I pX{k, xq as the Tannakian group Aut b pωq of the neutral Tannakian category pCpX{k, x, Iq, ωq.
Definition 5. Now for each i P IpX{k, xq we have a canonical functor
sending V Þ Ñ pV, iq and φ : V Ñ W P Rep k pG i q to the map pφ, idq : pV, iq Ñ pW, iq. If we have a morphism φ ij : i Ñ j P IpX{k, xq, then the map of k-group schemes G i Ñ G j induces a functor
with an isomorphism of k-linear tensor functors α ij : F j -Ý Ñ F i˝φi j making the following diagram of functors 2-commutative.
Let ω i : Rep k pG i q Ñ Vec k be the forgetful functor. Then we have ω i˝φi j " ω j and ω˝F i " ω i . Proposition 1.6. If D is a category and for each i P IpX{k, xq we have a functor
and for each φ ij : i Ñ j P IpX{k, xq we have an isomorphism of functors β ij : T j -T i˝φi j making the following diagram of functors 2-commutative
then there is a functor ι : CpX{k, x, Iq Ñ D with isomorphisms a i : T i Ñ ι˝F i , unique up to a unique isomorphism, making the following diagram of functors 2-commutative
in the sense that the composition
If D is a Tannakian category with a neutral fibre functor o : D Ñ Vec k such that T i are all k-linear tensor functors with tensor isomorphisms ξ i : o˝T i -Ý Ñ ω i , and if the isomorphisms β ij : T j -Ý Ñ T i˝φi j are tensor isomorphisms with the property that φi j pξ i q¨opβ ij q " ξ j (where opβ ij q : o˝T j -Ý Ñ o˝T i˝φi j and φi j pξ i q : o˝T i˝φi j -Ý Ñ ω i˝φi j " ω j are the natural compositions induced from β ij and ξ i respectively), then ι can be chosen to be a k-linear tensor functor with o˝ι -Ý Ñ ω such that a i is a tensor isomorphism for each i P IpX{k, xq, and such ι (with a i ) is unique up to a unique tensor isomorphism.
Proof. We first define ι. If pV, iq P CpX{k, x, Iq, we define ιpV, iq :" T i pV q. If σ : pV, iq Ñ pW, jq P CpX{k, x, Iq is a morphism then we choose i 1 P IpX{k, xq which dominates i, j P IpX{k, xq and an honest morphism ς : pV, i 1 q Ñ pW, i 1 q P HomppV, i 1 q, pW, i 1which represents σ. Now we define
It is easily seen that ι is well-defined and we can take a i to be the identities so that ι commutes with T i and F i in the sense stated in the proposition. If ι 1 is another functor with isomorphisms a 1 i which satisfies our conditions, then we have
for each pV, iq P CpX{k, xq. This establishes for each i P IpX{k, xq an isomorphism of functors δ : ι Ñ ι 1 which is compatible with a i . Clearly δ is uniquely determined by this compatibility.
If D is a neutral Tannakian category and T i are all k-linear tensor functors which commute with the fibre functors, then for each two objects pV, iq, pW, jq P CpX{k, x, Iq, we define an isomorphism in D as follows:
This isomorphism is functorial and establishes ι as a tensor functor. The k-linearity of ι can be checked easily. If ι 1 is another k-linear tensor functor with a 1 i being tensor isomorphisms, then by construction the isomorphism δ : ι -Ý Ñ ι 1 is a tensor isomorphism. Finally for each pV, iq P CpX{k, x, Iq we define the isomorphism o˝ιpV, iq -Ý Ñ ωpV q as the following morphism ξ i pV q : o˝ιpV, iq " o˝T i pV q -Ý Ñ ω i pV q " ωpV q. This defines an isomorphism of functors o˝ι -Ý Ñ ω because of the compatibility φi j pξ i q¨opβ ij q " ξ j .
Remark 1.7. Let T be the 2-category of neutral Tannakian categories over k whose 1-morphisms between pT 1 , ω 1 q and pT 2 , ω 2 q are pairs pf, σq where f : T 1 Ñ T 2 is a k-linear tensor functor and σ : ω 2˝f Ñ ω 1 is a tensor isomorphism, whose 2-morphisms between pf, σq and pf 1 , σ 1 q are tensor natural transformations f ñ f 1 which are compatible with σ and σ 1 . 1.6 says that CpX{k, x, Iq is the "2-direct limit" of the 2-functor i Þ Ñ Rep k pG i q not only in the 2-category of categories but also in the 2-category of neutral Tannakian categories over k. In fact, in [SGA4, Exposé VI, §6], Grothendieck has already defined the notion of 2-direct limit for a fibred category F as the localization category of F at all its cartesian morphisms. In our case we could also take the 2-functor IpX{k, xq Ñ T , i Þ Ñ Rep k pG i q as the fibred category and localize it at IpX{k, xq.
First Properties of π
I pX{k, xq 2.1. The Universal Covering. As in [Nori, Chapter II, Proposition 2] we can define the universal covering for our fundamental group scheme.
Theorem 2.1. Let X be a connected reduced scheme over a field k, x : S Ñ X be a non-empty morphism of k-schemes, IpX{k, xq Ď NpX{k, xq be a cofiltered full subcategory. Then there exists a triple p Ă X x , π I pX{k, xq,xq, where Ă X x is a π I pX{k, xq-torsor over X, x : S Ñ Ă X x is an S-point of Ă X x lying above x, which satisfies that for any pP, G, pq P I there exists a unique morphism
where h : π I pX{k, xq Ñ G is homomorphism of k-group schemes and φ : Ă X x Ñ P is a morphism of X-schemes which sendsx to p and intertwines the group actions.
Proof. Consider the following functors
where AffpXq denotes the category of affine schemes over X, and Grschpkq denotes the category of finite group schemes over k. We have by 2.4 that
Then Ă X x is an affine scheme over X which admits a pointx : S Ñ Ă X x lying above x. Now we get a triple p Ă X x , π I pX{k, xq,xq which has the property that for any i :" pP, G, pq P IpX{k, xq there is a morphism
defined by the projection to the index i P IpX{k, xq. Let H be the image of h i , then we get a factorization of h i
H is the contracted producted along f , and ψ, ϕ are canonical maps induced by the contracted product. Let j :" pQ, H, qq. There is a projection map
which also makes the above diagram commutative after replacing pψ, f q by pφ j , h j q. Since ϕ and g are closed imbeddings, we must have pψ, f q " pφ j , h j q. Hence the affine ring of π I pX{k, xq is in fact a filtered inductive limit of its sub Hopf-algebras which are induced by those j P IpX{k, xq whose h j are surjective, and the same thing happens for Ă X x . This implies that if there is another morphism pφ, hq : p Ă X x , π I pX{k, xq,xq Ñ pP, G, pq then we can find an index i 1 :" pP 1 , G 1 , p 1 q P I such that φ, h factor through the projection morphisms
in other words, we have a commutative diagram
But by the very definition of a projective limit, we know that pϕ, gq˝pφ i 1 , h i 1 q " pφ i , h i q. Thus pφ i , h i q " pφ, hq. This completes the proof.
Corollary 2.2. Let Hom grp.sch pπ N pX{k, xq,´q be the category whose objects are finite kgroup schemes equipped with k-group scheme homomorphisms from π N pX{k, xq, whose morphisms are k-group scheme homomorphisms which are comptible with the homomorphisms from π N pX{k, xq. Then there is an equivalence of categories
Similar statement holds if one replace NpX{k, xq by some smaller cofiltered subcategory.
Proof. Given a k-group scheme homomorphism f : π N pX{k, xq Ñ G, we get a contracted product
and given a morphism in Hom grp.sch pπ N pX{k, xq,´q, we get a morphism in NpX{k, xq defined by the universal property of the contracted product. This defines a functor
The quasi-inverse of this functor is given by 2.1.
Definition 6.
2 Let X be a reduced connected scheme over a field k, x : S Ñ X be a non-empty morphism, IpX{k, xq Ď NpX{k, xq be a cofiltered full subcategory. We call a triple pP, G, pq P IpX{k, xq an I-saturated object if the corresponding projection map π I pX{k, xq Ñ G is surjective.
Lemma 2.3. Let X be a reduced connected scheme over a field k, x : S Ñ X be a nonempty morphism, IpX{k, xq Ď NpX{k, xq be a cofiltered full subcategory. Then the full subcategory of IpX{k, xq consisting of I-saturated objects is cofinal in IpX{k, xq, i.e. for any object pP, G, pq P IpX{k, xq there is a morphism pQ, H,Ñ pP, G, pq P IpX{k, xq where pQ, H,is an I-saturated object. So when we study projective limits indexed by IpX{k, xq we can restrict ourselves to this smaller category of I-saturated objects.
Proof. Given a triple pP, G, pq P IpX{k, xq we get a homomorphism π I pX{k, xq Ñ G. Since π I pX{k, xq and G are affine group schemes, there is a unique decomposition
By 2.2 we have a morphism pQ, H,Ď pP, G, pq P IpX{k, xq, where pQ, H,corresponds to the surjection π I pX{k, xq ։ H. This finishes the proof.
Proposition 2.4. Let X be a reduced connected scheme over a field k, x : S Ñ X be a non-empty morphism, IpX{k, xq Ď NpX{k, xq be a cofiltered full subcategory. There is an isomorphism of k-group schemes
Proof. This follows from 1.6 and the fact that the category T of neutral Tannakian cateogories over k is anti-equivalent to the category of affine group schemes over k [Del] .
Definition 7. There are various choices of IpX{k, xq Ď NpX{k, xq. We will list some of them which will be frequently used in the rest of this note.
(ii) π E pX{k, xq :" π I pX{k, xq when IpX{k, xq " Ié t pX{k, xq is the subcategory consisting of triples pP, G, pq where G is anétale group scheme over k; (iii) π G pX{k, xq :" π I pX{k, xq when IpX{k, xq " I co pX{k, xq is the subcategory consisting of triples pP, G, pq where G is a constant group scheme over k; (iv) π L pX{k, xq :" π I pX{k, xq when IpX{k, xq " I lc pX{k, xq is the subcategory consisting of triples pP, G, pq where G is a local (i.e. connected ) group scheme.
Remark 2.5. (i) As we have seen in 1.3 (iii), π E pX{k, xq can be defined without the assumption that X is reduced.
(ii) When x : S Ñ X is taken to be a geometric point in Xpkq, π G pX{k, xq is a profinite affine group scheme whose group of k-points is just Grothendieck'sétale fundamental group πé t 1 pX, xq. The only difference between πé t 1 pX, xq and π G pX{k, xq is that πé t 1 pX, xq is a projective limit of finite groups, where the limit is taken in the category of topological groups in which each finite group has the discrete topology while π G pX{k, xq is a projective limit of finite groups, where the limit is taken in the category of affine group group schemes in which each finite group is regarded as a constant group scheme over k. In other words, π G pX{k, xq is none other than a linearization of πé t 1 pX, xq. Lemma 2.6. Let I 1 Ď I 2 Ď NpX{k, xq be two cofiltered full subcategories and pP, G, pq be an object in I 1 . If for any imbedding pQ, H,ãÑ pP, G, pq P I 2 (i.e. H Ď G is a subgroup), pP, G, pq P I 1 implies pQ, H,P I 1 , then we have a surjection
Proof. Let pP, G, pq P I 1 be an I 1 -saturated object. Then we can take the image of the composition π I 2 pX{k, xq Ñ π I 1 pX{k, xq ։ G and denote it by H. By 2.2 we get an inclusion pQ, H,ãÑ pP, G, pq P I 2 . So by the assumption this inclusion lives in I 1 . This implies that the surjection π I 1 pX{k, xq ։ G factors through H ãÑ G. Thus H " G. This concludes the proof.
Proposition 2.7. The following natural k-group scheme homomorphisms
are all surjections.
Proof. In the view of 2.6, only the last statement needs to be explained. For this, we take in 2.6 I 2 :" NpX{k, xq and I 1 to be the triples pP, G, pq whose group G is isomorphic to a direct product of anétale k-group scheme and a local k-group scheme, i.e. G " G 0ˆk Gé t . Now suppose H Ď G be a subgroup scheme. Then the connected-étale sequence for H splits because H red Ď G red " Gé t ñ H red " Hé t . But since Gé t acts trivially on G 0 and the action of Hé t on H 0 is compatible with that of Gé t on G 0 , Hé t must act trivially on H 0 , or in other words, H " H 0ˆk Hé t .
Exemple 2.8. Here we want to point out that all the above surjections are, in general, not isomorphisms.
Let's take X " Spec pkq " Spec pQq,x : Spec pQq Ñ Spec pQq be the natural field extension. Let α P Q, n P Nzt0u, and suppose x n´α has no root in Q, then P :" Spec pQrxs{px n´αis a non-trivial µ n -torsor over Q. Choosing any point p P P pQq, we get a triple pP, µ n , pq P NpX{k,xq. Let ϕ : π E pX{k,xq Ñ µ n be the homomorphism corresponding to pP, µ n , pq as in 2.2. If the map π E G was an isomorphism then there should be a k-group scheme homomorphism φ : π G pX{k,xq Ñ µ n satisfying φ˝π E G " ϕ. But since π G pX{k,xq is a cofiltered projective limit of finite constant group schemes, there must be a factorization
where H is a constant group scheme. But when n is a prime number, µ n is a Q-scheme of two connected components. Thus the fact that P is a non-trivial torsor would imply that ϕ is surjective, and so is φ. Therefore, the map λ : H Ñ µ n should also be sujective, and hence µ n has to be a constant group scheme. But this is quite not the case when n ą 2.
(ii). For π N E : π N pX{k, xq ։ π E pX{k, xq. If it was an isomorphism then any torsor with local group scheme will be dominated by anétale torsor, then the local torsor has to be trivial. Hence any non-trivial local torsor gives a counterexample. Yet we would like to point out that if X " Spec pkq where k is perfect,x : Spec pkq Ñ Spec pkq be the natural field extension, then π N E is an isomorphism (see 2.9). But if k is not perfect and charpkq " p, one can choose α Pk such that α R k but α p P k. Thus the field extension k Ď kpαq is a non-trivial µ p -torsor.
As in (ii) any non-trivialétale torsor provides a counterexample. And also (iii) is implied by (iv). Proposition 2.9. Let k be a perfect field,x : Spec pkq Ñ Spec pkq be the natural field extension k Ďk. Then the canonical surjection
is an isomorphism.
Proof. Let pP, G, pq P Npk{k,xq be an object. Then there is a canonical isomorphism Pˆk G -Pˆk P. Let P red be the reduced closed subscheme of P and G red be the reduced closed subscheme of G. As k is perfect, P redˆk G red Ď Pˆk G and P redˆk P red Ď Pˆk P are the unique reduced closed subschemes of the underlying spaces. This induces a diagram
in which the upper horizontal arrow is an isomorphism. But G red isétale, as k is perfect. Therefore, we get a morphsim
where pP red , G red , pq P Ié t pk{k, xq. Hence Ié t pk{k, xq is cofinal inside Npk{k, xq. It follows from this and 1.4 that the canonical inclusion
CpX{k, x, Ié t q Ď CpX{k, xq is an equivalence, or in other words, π N E is an isomorphism. Corollary 2.10. Assumptions and notations being as in 2.9, we have π L pk{k,xq " t1u.
Proof. Let pP, G, pq P I lc pk{k,xq be an object. Then, as in the proof of 2.9, we see that there is an imbedding pP red , G red , pq Ď pP, G, pq P Npk{k,xq.
But since G is connected, pP red , G red , pq is just the trivial triple. This finishes the proof.
Proposition 2.11. Let k be a separably closed field,x : Spec pkq Ñ Spec pkq be the natural field extension. Then we have π E pk{k,xq " t1u, and that the canonical surjection
Proof. Let pP, G, pq P Npk{k,xq be an object, Gé t be the maximalétale quotient of G.
Then the quotient map h : G ։ Gé t induces, by 2.2, a triple pPé t , Gé t , pq P Ié t pk{k,xq and a morphism pφ, hq : pP, G, pq ։ pPé t , Gé t , pq P Npk{k,xq.
Since Pé t is anétale scheme over a separably closed field, every point of Pé t is a k-rational point. This means that Pé t is a trivial Gé t -torsor, and hence π E pk{k,xq " t1u. Now we can pull back the map φ : P Ñ Pé t along the k-rational point p P Pé t pkq. Then we get a triple pP 0 , G 0 , pq P I lc pk{k,xq and a morphism pP 0 , G 0 , pq ãÑ pP, G, pq P Npk{k,xq.
This means that I lc pk{k,xq is cofinal inside Npk{k,xq. By the same argument as in 2.9, we see that π N L is an isomorphism. Proposition 2.12. Let k be a field, X :" P n k , n P N`, x : S Ñ X be any morphism with S connected and non-empty. Then we have
Proof. Let pP, G, pq P NpX{k, xq be an object. Then by [Nori, Chapter II, lemma, pp.92] plus Künneth formula [MS, Theorem 2.3] , P is a trivial G-torsor, i.e. P -Xˆk G. Since S is connected, it is mapped to a connected component Q of Xˆk G via p : S Ñ P . As Xˆk G -XˆkḠ, the composition
must be an isomorphism, thus the map p factors through a section of the structure map P Ñ X. This means that there is a unique morphism pX, t1u, xq Ñ pP, G, pq P NpX{k, xq.
Therefore pX, t1u, xq is a cofinal object in NpX{k, xq. By 2.4, π N pX{k, xq " t1u.
Remark 2.13. The connectedness assumption on S in the above proposition is quite important. Otherwise, we could take x : P Ñ X to be the natural projection, P :"
to be the trivial torsor under Z{2Z, and p : P Ñ P to be the identity. In this way, there is no morphism pX, t1u, xq Ñ pP, G, pq P NpX{k, xq. Thus the homomorphism π N pX{k, xq Ñ pZ{2Zq k corresponding to pP, Z{2Z, pq is not tivial, but surjective. Therefore, π N pX{k, xq is not trivial.
Proposition 2.14. Let k be a field of characteristic 0, X :" A n k , n P N`, x : S Ñ X be any morphism with S connected and non-empty. Then we have
Proof. The point is that in this case any finite torsor over X isétale and anyétale torsor over X is trivial. Then we do 2.12 again.
2.4. Suprising Phenomena.
Proposition 2.15. Let R be the field of real numbers,x : Spec pCq Ñ Spec pRq be the morphism corresponding to the natural inclusion R Ă C. Then
Proof. Let pP, G, pq P Ié t pR{R,xq. Then P pCq is a principal homogeous space under GpCq. By Galois descent, there is an action of GalpC{Rq " xσy on P pCq via set-theoretical automorphisms and an action of GalpC{Rq " xσy on GpCq via group automorphisms such that these two actions are compatible. Let σppq " pa for some a P GpCq, n P N`denote the order of a. Then for any b P GpCq, σppbq " σppqσpbq " paσpbq. But σ 2 " id is trivial, so pb " σ 2 ppbq " σppaσpbqq " σppqσpaqb " paσpaqb. Thus aσpaq " e is trivial, so σpaq " a´1. Let Q n pCq Ď P pCq be the subset tpa i |i P Nu, H n pCq Ď GpCq be the subgroup xay. These substructures are clearly stable under the GalpC{Rq-actions, so they desend to R, i.e. we have a subobject pQ n , H n , pq Ď pP, G, pq P Ié t pR{R,xq, where the set of C-points of Q n is Q n pCq and the group of C-points of H n is H n pCq. Let pP n , µ n,R , p n q :" pSpec pRrxs{px n`1 qq, Spec pRrxs{px n´1 qq, e p2n´1qπi n q P Ié t pR{R,xq where the action of µ n,R on P n is defined simply by multiplying a n´th root of unity on a root of x n`1 " 0 in C and e p2n´1qπi n is the n-th root cosp p2n´1qπi n q`i sinp p2n´1qπi n q. By sending a Þ Ñ e 2πi n we get an isomorphism h : H n -µ n,R " Spec pRrxs{px n´1 qq. By sending
we get an isomorphism of R-schemes φ : Q n -Spec pRrxs{px n`1which is compatible with h under the actions. This means that the full subcategory of Ié t pR{R,xq consisting of objects of the form pP n , µ n,R , p n q is cofinal.
On the other hand, the triple pP n , µ n,R , p n q is Ié t -saturated. If we have a subobject pQ, H, pq Ď pP n , µ n,R , p n q P Ié t pR{R,xq then p n " p P QpCq implies e πi n P QpCq for Q should always contain the connected component of p " p n " e p2n´1qπi n . Therefore, by the equation
n " e πi n
we have e 2πi n P HpCq. Since HpCq contains the generator of the n-th cyclic group µ n,R pCq, we have HpCq " µ n,R pCq. Or equivalently, H " µ n,R and Q " P n . Thus pP n , µ n,R , p n q is an Ié t -saturated object.
Now if m, n P N`and m|n, then we can define a "raise to n m -power" map pP n , µ n,R , p n q Ñ pP m , µ m,R , p m q for by sending x Þ Ñ x n m in the affine coordinate ring. This defines a projective system in Ié t pR{R,xq. By taking projective limit in the category of affine schemes (resp. group schemes) over R, we get a triple
Let p r
Xx, π E pR{R,xq,xq be the universal triple defined in 2.1. Then by the universality, we get a morphism
which is indeed an isomorphism because of the fact that pP n , µ n,R , p n q is cofinal and saturated in Ié t pR{R,xq. This proves that π E pR{R,xq is infinite and also that r Xx has infinitely many connected components. Since r Xx is affine, it must be quasi-compact. But then the connected components of r Xx can not be open, otherwise there should be finitely many of them. Therefore r Xx is not Noetherian.
Proposition 2.16. Let k be field whose Galois group Galpk{kq admits Z{lZ as a quotient for some prime l ą 3. Let X " Spec pkq,x : Spec pkq Ñ X be a geometric point. Then π E pk{k,xq is a non-commutative k-group scheme.
Proof. Let k Ď K Ďk a finite Galois subextension so that GalpK{kq " xσy -Z{lZ. Let G K :" pZ{lZˆZ{lZq ⋊ xby, where xby -Z{lZ acts on Z{lZˆZ{lZ by
We define an action of GalpK{kq on G K by letting σpzq " z for all z P Z{lZˆZ{lZ and σpbq "ˆ0 1˙b . This action corresponds, by Galois descent, to a k-group scheme G which is a k-form of the K-group scheme G K .
The constant K-group scheme G K can be written as
where Y i " Spec pKq. G K acts on itself by right translations, i.e. for any j P G K , j acts on Y i by the identity map Spec pKq " Y i Ñ Y ij " Spec pKq. Now we define a twisted action of GalpK{kq on the K-scheme G K . We define the action of σ on Y i to be the morphism τ in the following commutative diagram
where t σ is the map obtained by applying the functor Spec p´q to the field automorphism σ : K Ñ K. We have the following compatiblity between the action of GalpK{kq on the K-group scheme G K and that on the K-scheme G K , i.e. the diagram
is commutative for any j P G K . By Galois descent, the K-scheme G K descends to a kscheme P and there is an action of G on P which makes P a G-torsor over k. Picking p P Y e pkq to be the inclusion K Ďk, we get an object pP, G, pq P Ié t pk{k,xq. This object induces a k-homomorphism λ : π E pk{k,xq ÝÑ G.
Let N Ď G be the image. Then we get a subobject pQ, N, pq Ď pP, G, pq.
Therefore λ is surjective. Then π E pk{k,xq must be non-commutative for G is not.
Remark 2.17. The point of the assumption l ą 3 is that one needs the action of σ l on G K to be trivial, i.e. one needs that bσpbqσ 2 pbq¨¨¨σ l´1 pbq to be trivial in G K . For this one needs 1˚0`2˚1`3˚2`¨¨¨`pl´1q˚pl´2q " 1 6 pl´1qlp2l´1q´1 2 lpl´1q
to be divisble by l. This is OK only when l ą 3.
Exemple 2.18. In this part we would like to give an example to show that, unlike the classical case [Nori2] , the fundamental group π E is in general not commutative for an abelian variety over an algebraically closed field. Let A be an abelian variety over k :" R, K :" C,x P A K pKq. Take any Galois covering Y Ñ A K with Galois group Z{2Z. Let G K :" xay ⋊ xby, where xay -Z{nZ for n ě 3 P Nà nd xby -Z{2Z acts on xay by bpzq " z´1 for all z P xay. We define an action of GalpK{kq on G K by letting σpzq " z´1 for all z P xay and σpbq " ab. Then there is a k-form G of the K-group scheme G K which corresponds to this action.
Let H K Ă G K denote the subgroup xay, and let
where Y i " Y . Now we define an action of G K on P K . Take any g P G K , we can write it uniquely as g " b r j, where r P t0, 1u and j P H K , then the action of g on Y i is defined to be the morphism τ in the following commutative diagram
r is the map defined by the non-trivial A K -automorphism of Y if r " 1, the identity if r " 0. In this way, P K becomes a G K -torsor over A K . Now viewing G K as a constant K-group scheme we get a morphism ρ : P KˆSpec pKq G K ÝÑ P K defined by the above action. Composing ρ with the following isomorphism P KˆSpec pKq pSpec pKqˆS pec pkq Gq -Ý Ñ P KˆSpec pKq G K we get an action of G on P K which makes P K a G-torsor over A K . Picking any k-morphism p : Spec pKq Ñ Y e " Y (where e P H K is the identity element) overx, we get an object pP K , G, pq P Ié t pA K {k,xq. This object induces a k-homomorphism
Let N Ď G be the image. Then we get a subobject pQ, N, pq Ď pP K , G, pq.
Therefore λ is surjective. Then π E pA K {k,xq must be non-commutative for G is not.
2.5.
Comparisons with the Geometric Fundamental Groups. Let X be a separable geometrically connected scheme over a field k,X :" Xˆkk,x : Spec pkq ãÑX be a geometric point. We would like to understand the relation between the two fundamental groups π N pX{k,xqˆkk and π N pX{k,xq, the later being the "classical" Nori's fundamental group. It turns out that they are not equal, or in other words, the new fundamental group is not a k-form of the classical one. In fact it is much larger. Proof. Given pP, G, pq P NpX{k,xq, pP, Gˆkk, pq is naturally an object in NpX{k,xq. In this way we get a functor F which makes the following diagram 2-commutative NpX{k,xq
where ϕ is the functor sending pP, G, pq P NpX{k,xq to Gˆkk, and ψ is the forgetful functor sending pQ, H,P NpX{k,xq to H. Since base change is compatible with projective limit, we have lim Ð Ý iPN pX{k,xq
ϕpiq " π N pX{k,xqˆkk.
Therefore, we get the homomorphism Proposition 2.20. If X is a connected scheme over any field k,x P Xpkq is a geometric point, and if the projection X Ñ Spec pkq factors through the map Spec pkq Ñ Spec pkq induced by the field extension k Ďk, then the immbedding
ofk´group schemes is a section of the map
Proof. Let's first redo the construction in 2.19. Given pP, G, pq P Ié t pX{k,xq, let G 1 be the abstract group associated to Gˆkk. Viewing G 1 as a constant group scheme over k, we get an object pP, G 1 , pq P I co pX{k,xq. In this way we get a functor which makes the following diagram 2-commutative
where ϕ is the functor sending pP, G, pq P Ié t pX{k,xq to Gˆkk, and ψ is the functor sending pP, G, pq P I co pX{k,xq to the abstract group G regarded as a group scheme over Let's take an abelian variety A over a perfect field k of characteristic p ě 0 and a positive integer n P N`which is prime to p and which has the property that the n-torsion points Arns of A is not a constant group scheme over k.
For example, we know from Mordell-Weil that ArnspQq Ď ApQq is finite while ArnspQq is isomorphic to pZ{nZq 2 dimpAq , so ArnspQq is way larger than ArnspQq for n Ñ 8. Thus for big n, Arns is not a constant group scheme over Q. Now let X :" Aˆkk, G :" Xrnspkq. Viewing G as a constant group scheme over k we have an isomorphismλ : Xrns -Ý Ñ Gˆkk. Thus the multiplication by n, rns X : X Ý Ñ X, is a G-torsor. Then the triple pX, G, 0q P Ié t pX{k, 0q defines a k-homomorphism β : π E pX{k, 0q Ñ G. Now consider the trivial isomorphism pid,λq : pX, Xrns, 0q Ñ pX, Gˆkk, 0q P Ié t pX{k, 0q.
Let α : π E pX{k, 0q Ñ Arms be the homomorphism corresponding to the triple pX, Arms, 0q. Then there is a not necessarily commuative diagram was an isomorphism, then we should get a commutative diagram
Note that the map αˆid is surjective, for X¨n Ý Ñ X is a Galois cover. This implies that the isomorphismλ descends to an isomorphism λ k : Arns Ñ G over k. This contradicts to our assumption that Arns is non-constant.
2.6. Base Change.
Proposition 2.22. Let X be a scheme geometrically connected proper separable over a field k, k Ď l Ď l 1 be a sequence of field extensions, where l and l 1 are algebraically closed fields. Letx : Spec pl 1 q Ñ X be a geometric point. Then the following natural map
is an isomorphism of k-group schemes.
Proof. 
descends to an action Yˆk G Ñ Y and makes Y a G-torsor. This means that the pull back functor F l l 1 : NpXˆk l{k,xq Ñ NpXˆk l 1 {k,xq is essentially surjective. But by the fully faithfulness of´ˆl l 1 the pull back functor F l l 1 is also fully faithful. Hence F l l 1 is an equivalence, and therefore the canonical morphism π l 1 l is an isomorphism.
2.7. TheÉtale Universal Covering. In this subsection we want to emphasize a big difference between π E pX{k, xq and π G pX{k, xq (or πé t 1 pX, xq) via comparing their universal coverings. The following statement shall be well known in the literature. Statement 2.23. Let X be a connected Noetherian scheme, x P XpSpec pkqq be any geometric point. Then the universal covering r X x corresponding to πé t 1 pX, xq is connected. The major reason behind this phenomenon is the following:
Fact. If X is a locally Noetherian connected scheme, x P XpSpec pkqq be any geometric point, then for any triple pP, G, pq P I co pX, xq the corresponding map πé t 1 pX, xq Ñ G is surjective if and only if P is connected.
But for universal coverings under π E , they are usually highly non-connected. We have seen some examples in 2.4 which are caused by complicated structures of theétale group schemes. Here is another example which is caused by the choice of the point on the torsor. Exemple 2.24. Let X " Spec pQq,x : Q ĎQ. Consider a prime number p ą 2. Then µ p -Spec pQq š Spec pKq as a scheme, where K is the p-th cyclotomic field. Let pµ p , µ p ,be the trivial µ p -torsor equipped with the point q : Spec pQq Ñ Spec pKq. Obviously µ p is not connected, but the unique map
can not be trivial on h, for otherwise pφ, hq would factor through the trivial triple pX, t1u,xq, and then q has to be the trivial point Spec pQq Ñ Spec pQq. But if h is non-trivial then it has to be surjective. Therefore pµ p , µ p ,is saturated but not connected. Since h is surjective, φ must be faithfully flat. But µ p is not connected so Ă X x can not be either.
Proof of the fact. "ñ" If P was not connected then we can take the connected component Q P containing p. Let H G be the stabilizer of Q, then pQ, H, pq pP, G, pq. Therefore we have a factorization πé Proof of the statement. Let I Ď I co pX, xq be the full subcategory consisting of saturated objects. Then r X x " lim Ð ÝiPI P i , where i " pP i , G i , p i q P I. Because of the above Fact, these P i are connected. The scheme r X x is connected if and only if H 0 p r X x , O r Xx q has no non-trivial idempotents. Since X is quasi-compact and lim Ý Ñ is an exact functor we know that
As each P i is connected, there is no non-trivial idempotents in
3. The First Fundamental Sequence 3.1. The General Case.
Proposition 3.1. Let X be a scheme geometrically connected separable over a field k, x : Spec pkq ãÑ X be a geometric point, then the natural k-group scheme homomorphism
Proof. Suppose that we have an object pl, G, tq P Ipk{kq and that we have a morphism pλ, iq : pQ, H, sq Ñ plˆk X, G, tq P IpX{kq, where the group homomorphism i : H Ñ G is a closed imbedding. Then we have a section in the category of X-schemes X " Q{H ãÑ plˆk Xq{H " pl{Hqˆk X.
As l{H is finite over k, its connected components are single points. Let x P l{H be the image of t P l under the projection l Ñ l{H. Since X is connected, reduced and λ sends s Þ Ñ t, the map
factors through x : Spec pκpxqq ãÑ l{H where κpxq is the residue field of x. Hence X is a scheme over κpxq. But X is geometrically connected and geometrically reduced over k, so the extension k Ď κpxq has to be trivial, i.e. k " κpxq. In other words, x is a k-rational point of l{H. Now pull back the projection map l Ñ l{H along x : Spec pkq Ñ l{H, we get a map pq, H, tq Ñ pl, G, tq P Ipk{kq in which the group homomorphism is the imbedding i : H ãÑ G. In particular if the map π I pk{k,xq Ñ G corresponding to pl, G, tq is surjective, then the composition
has to be surjective too. This means precisely that π I pX{k,xq Ñ π I pk{k,xq is surjective.
Proposition 3.2. Let X be a scheme geometrically connected separable over a field k, x : Spec pkq ãÑ X be a geometric point, then the natural sequence of k-group schemes
is a complex, and it is exact in the middle if and only if the following two conditions are satisfied.
(i) For any I-saturated object pP, G, pq P IpX{k,xq, the image of the composition of the natural homomorphisms
Whenever there is an object pP, G, pq P IpX{k,xq whose pull-back alongX Ñ X is trivial then there is an object pQ, H,P Ipk{k,xq whose pull-back along X Ñ Spec pkq is isomorphic to pP, G, pq.
Proof. For the first statement it is enough to see that the pull-back functor
Cpk{k,x, Iq Ñ CpX{k,x, Iq sends any object in Cpk{k,x, Iq to a trivial object in CpX{k,x, Iq. But this is indeed the case, for the pull-back functor Ipk{k,xq Ñ IpX{k,xq is trivial. Now for the second statement. "ñ" (i) is clear, because a normal subgroup is still normal in any quotient. (ii) follows directly from 2.2. Indeed, given pP, G, pq P IpX{k,xq, there is a unique morphism φ : π I pX{k,xq Ñ G corresponding to pP, G, pq. The pull-back of pP, G, pq is trivial means that the composition
is trivial. By the exactness there is a unique map ϕ : π I pk{k,xq Ñ G making the diagram
commutative. Therefore, ϕ defines an object in Ipk{k,xq whose pull-back is isomorphic to pP, G, pq. "ð" Let pP, G, pq P IpX{k,xq be an I-saturated object. By 2.2, it corresponds to a k-homomorphism φ : π I pX{k,xq ։ G. Let H be the image of the composition
By (i), H Ď G is a normal subgroup. Thus we get an object pP {H, G{H, pq P IpX{k,xq.
Since the composition
is trivial by definition, the pull-back of pP {H, G{H, pq toX is a trivial object. By (ii), pP {H, G{H, pq descends to an object in Ipk{k,xq, or equivalently, there is a commutative diagram
Let N be the image of the kernel of π I pX{k,xq Ñ π I pk{k,xq under the map φ : π I pX{k,xq ։ G.
The above diagram implies that N Ď H and the first statement of this proposition implies that H Ď N. Therefore H " N. But since this is valid for all I-saturated objects, we can conclude the middle exactness.
Remark 3.3. The injectivity on the left is in general not true. See 3.15 for an example when k is perfect X " A 1 k and I " L. The example does not work for π E . However, one can not use the injectivity for π G (or πé t 1 ) to conclude the injectivity for π E either. The injectivity for π G (or πé t 1 ) was deduced from the theory of Galois closure for Galois coverings [Sz, Proposition 5.3.9, pp. 169 ]. But we can not find an analogue for π E .
Corollary 3.4. If X " A n k where k is a field of characteristic 0 or X " P n k for n P N`, x P Xpkq, then there is a canonical isomorphism
Proof. By 2.12 and 2.14, π E pX{k,xq " t1u. Then the corollary follows from 3.11 and 3.2.
Exemple 3.5. In this part we would like to give an example to show that the condition (ii) of 3.2 is not always satisfied.
Let's just take k " F p ps, tq (the function field in two variables over F p ), X " A 1 k ztau, P " Spec pArT s{pT p´p s`tx pbe the µ p -torsor over X in a natural way, where A :" O X pXq and a P A 1 k is the closed point determined by the polynomial s`tx p P krxs. Since P is a local torsor the base point plays no role. For this reason we are going to omit the base point in the following discussion. Clearly, the equation T p´p s`tx p q " 0 has no solution in A, thus P is a non-trivial µ p -torsor. Furthermore, Pˆkk is a tivial torsor overX, the section being given by the solution of the above equation inkrxs. But P Ñ X can not descent to a µ p -torsor over Spec pkq. In fact, the two µ p -torsors P 0 " Spec pkrT s{pT p´sand P 1 " Spec pkrT s{pT p´s´twhich are fibres of P Ñ X at x " 0 and x " 1 respectively, can not be isomorphic. Suppose there was an isomorphism of torsors f : krT s{pT p´s q ÝÑ krT s{pT p´s´t q sending T Þ Ñ f pT q, where f pT q P krT s is a polynomial of degree less than p. Let µ p " krY s{pY p´1 q, then Aut k´grp.sch pµ p q " pZ{pZq˚, where m P pZ{pZq˚stands for Y Þ Ñ Y m . Thus we should have a commutative diagram
where ρ 0 and ρ 1 are defined by the action of µ p on P 0 and P 1 respectively. Tracing the image of T in the above diagram, we get f pT q b Y m " f pT b Y q. This implies that f pT q is a polynomial of the form αT m with α P k. Then we should have
But T p " s`t P krT s{pT p´s´t q. Hence we should have α p ps`tq m´s " 0 P k Ă krT s{pT p´s´t q. However, this equation can not happen in k because F p rs, ts is a UFD.
However, when k is a perfect field condition (ii) actually holds. Proposition 3.6. If the field k in 3.2 is assumed to be perfect and X is, in addition, quasi-compact, then condition (ii) holds for NpX{k,xq.
Proof. Let pP, G, pq P NpX{k,xq be an object whose pull-back to NpX{k,xq is trivial, i.e. there is a morphism λ : pX, t1u,xq Ñ pP , G, pq P NpX{k,xq. Let pPé t , Gé t , pq P Ié t pX{k,xq be theétale quotient of pP, G, pq. Then pPé t , Gé t , pq is also trivial. Thus by 3.11 there is a triple pQ, H,P Ié t pk{k,xq Ď Npk{k,xq such that the pull-back of pQ, H,to X is isomorphic to pPé t , Gé t , pq. Let n be the order of the k-group scheme Gé t . ThenPé t can be written as n-copies ofX:
whereX i "X. The quotient π : P Ñ Pé t makes P as G 0 -torsor over Pé t , and we have a decompositionP " ž i"1,¨¨¨,nP i whereP i is just pπˆkkq´1pX i q. Suppose p PP 1 pkq. Then the map λ makesP 1 a trivial G 0 -torsor overX 1 . Since G 0 is local andX 1 is reduced, the closed imbedding pP 1 q red ãÑ P 1 composing with the projectionP 1 ÑX 1 has to be an isomorphism. As Gé t pkq acts transitively on the componentsX i , for any 1 ď i ď n there is an element g P Gé t pkq " Gpkq making the diagramP
commutative. Hence the closed imbedding pP i q red ãÑP i composing with the projection P i ÑX i is also an isomorphism for each i. Therefore the compositionP red ãÑP ÑPé t is an isomorphism. But as k is perfect,P red " P redˆkk . Thus the composition P red ãÑ P Ñ Pé t has to be an isomorphism too. This defines a section s : Pé t ãÑ P for the projection π : P Ñ Pé t . The universality of the reduced closed subscheme structure P red Ď P tells us that there is a unique arrow Pé tˆk Gé t Pé t making the following diagram
commutative, where i : Gé t Ď G is the inclusion of the reduced subscheme structure of G, ρé t is action of Gé t on Pé t induced by ρ, o : G ։ Gé t is theétale quotient map. Therefore we obtain a morphism pPé t , Gé t , pq Ñ pP, G, pq P NpX{k,xq.
In view of the isomorphism pPé t , Gé t , pq -pQˆk X, H, qq, we can equip the k-scheme G with a left action from H via H -Gé t i Ý Ñ G, then the contracted product QˆH G provides a k-form for the G-torsor P over X. This finishes the proof.
3.2. TheÉtale Case.
Proposition 3.7. Let X be a Noetherian scheme geometrically connected over a field k, x : Spec pkq ãÑ X, pP, G, pq P Ié t pX{k,xq be a saturated object. Let N be the image of the following composition π E pX{k,xq Ñ π E pX{k,xq ։ G.
Then we get an imbedding pP 1 , N, pq Ď pP , G, pq P Ié t pX{k,xq. If one of the following conditions is satisfied, then N Ď G is a normal subgroup scheme.
(i) P , as a scheme, is connected.
(ii)P 1 , as a scheme, is connected.
Proof. By [SGA1, Éxposé IX, Théorème 4 .10] we may assume that k is a perfect field.
There is a finite Galois subextenison k Ď K of k Ďk such that G K is constant over K and the number of connected components of P K is the same as that ofP . In this case the image of π E pX{k,xq and π E pX K {k,xq are the same in G. Thus replacingk by K, we may assume that k Ďk is a finite Galois extension.
Suppose that we have an Ié t -saturated object pP, G, pq P Ié t pX{k,xq. LetḠ :" Gˆkk, P :" Pˆkk,P 0 be the connected component ofP containing p. LetH ĎḠ be the subgroup which fixesP 0 , i.e.H :" t g PḠ |P 0 g "P 0 u.
ThenN ĎḠ is the smallest subgroup which contains the subset ď σPGalpk{kq σpHq ĎḠ.
Now let T be the subset ofḠ whose elements are those t σ which send p Þ Ñ σppq for some σ P Galpk{kq. LetM be the smallest subgroup ofḠ containing T . Since for any σ P Galpk{kq and t τ P T sending p Þ Ñ τ ppq we have t σ˝σ pt τ q " t στ . So σpt τ q " t´1 σ˝t στ PM , then it follows that σpM q ĎM . LetMN ĎḠ be the smallest subgroup ofḠ containinḡ M andN. LetP 2 :" ď gPMN pP 0 qg ĎP ,
i.e. theMN-obits ofP 0 inP . ThenP 2 is a torsor underMN. Since bothP 2 andMN are stable under the induced Galois action, they both descend to k, i.e. there exists a k-form MN Ď G ofMN such thatP 2 descends to an MN-torsor P 2 Ď P over X. Then there is a homomorphism π E pX{k,xq Ñ MN Ď G.
But π E pX{k,xq Ñ G is already surjective by the assumption, this immediately implies that MN " G or equivalentlyMN "Ḡ.
Next we show thatN is a normal subgroup ofḠ. From the above discussion it is enough to check m´1Hm ĎN for @m PM . If (i) is satisfied, then Galpk{kq acts transitively on the connected components ofP , so any element g PḠ can be written as h˝t σ , where h PH, t σ P T . If (ii) is satisfied, thenH "N . In either case it is already enough to check t´1 σH t σ ĎN for @t σ P T . From the very definition of t σ we have
where h 1 is contained in the stabilizer of σpP 0 q, i.e. σpHq. Thus t σ ht´1 σ P σpHq ĎN .
Remark 3.8. The two conditions in 3.7 are already satisfied by most interestingétale torsors. For example it is known in the literature 2.7 that any triple pP, G, pq P I co pX{k,xq is I co -saturated if and only if it is connected. Thus in view of 3.11 and 3.2 this proposition can be seen as a generalization of the fundamental exact sequence of theétale fundamental group [SGA1] [Exposé IX,Théorème 6.1].
Exemple 3.9. In this part, we would like to construct an example showing that for a saturated object pP, G, pq P Ié t pX{k,xq which does not satisfy any of the conditions in 3.7 the image of the composition
needs not to be a normal subgroup of G. Let X be any scheme geometrically connected over a field k, Y Ñ X be a torsor under the constant group scheme pZ{2Zq k with Y geometrically connected over k. Now we are going to construct a finite Galois field extention K{k with Galois group M, a torsor P 1 K over X K under an abstract group G 1 K which contains the X K -scheme Y K as a connected component. We will also construct a twisted action of M on the X K -scheme P 1 K and an action of M on the abstract group G 1 K in such a way that these two actions are compatible. Let n P N`be an even number which is equal to or larger than 2. Let G 1 K " ppxa 1 yˆxa 2 yˆxa 3 yˆxa 4 yq ⋊ pxb 1 yˆxb 2 yqq ⋊ xξy, where xa 1 y " xa 2 y " xa 3 y " xa 4 y -Z{2nZ, xb 1 y " xb 2 y " xξy -Z{2Z. The actions are defined by the following relations.
In addition we can define an action of Z{2Z " te, σu on G 1 K (via group automorphisms). The action is given by the following equations.
σpa 1 q " a 3 σpa 2 q " a 4 σpa 3 q " a 1 σpa 4 q " a 2 σpb 1 q " b 2 σpb 2 q " b 1 σpξq " a n 1 a n 3 ξ. Next we construct the G
be the disjoint union of copies of Y (i.e. Y i " Y ). We define a right action of G 1 K on P 1 in the following way. If j P H 1 K then the action of j on Y i is defined by the identity morphism
K , then ij is uniquely written as a product ij " ξk with k P H 1 K . Then the action of j on Y i will be the morphism Y " Y i Ñ Y k " Y given by the action of the non-trivial element of Z{2Z (remember that Y is a Z{2Z-torsor over X). Viewing G 1 K as a constant group scheme over k, one gets a morphism ρ :
over X defining the right action. This action actually defines P 1 as a G 1 K -torsor over X. Indeed, one can take a geometric pointx P X. Then the fibre ofx under the projection Y e " Y Ñ X consists of two points. We pick any point in the fibre and denote it by p. Then the other point is pξ. We can also translate p and pξ by the group H 1 K . In this way we get all the fibres ofx under the projection P 1 Ñ X. Each fibre can be written uniquely as pi or pξi for some i P H Hence the X-morphism
induces an isomorphism at the fibre ofx P X. Since P 1ˆk G 1 K and P 1ˆX P 1 are all finité etale X-schemes and X is connected, the morphism idˆρ is an isomorphism by [SGA1, Exposé V, Théorème 4.1]. Therefore P 1 is a G 1 K -torsor over X. Moreover, we would like to introduce two actions on P 1 by Z{2nZ " xuy and Z{2Z " xvy respectively. The action of u on a component Y i is defined to be the identity morphism Y " Y i Ñ Y a 1 a 3 σpiq " Y . Notice that we have a commutative diagram
K . Next we would like to construct a finite group M generated by two elements tx, yu and two group homomorphisms
k . In this case, pP, G, pq is a saturated object by definition, and the pull-back G K Ď G 1 K is a subgroup stable under the action of M. Since P K Ď P 1 K is a subscheme containing p P Y eˆk K and is stable under the action of M, P K contains
As Y b 1 " Y e b 1 and Y a 1 a 3 " Y e a 1 a 3 , G K contains ξ, b 1 , a 1 a 3 . Just like in 3.7, we denote by N the image of the homomorphism π N pX{k,xq Ñ G corresponding to the triple pP , G, pq. ThenN is generated by the Galpk{kq-orbit of te, ξu Ď G K "Ḡ, or equivalently by the M-orbit of te, ξu Ď G K , i.e.
N :" te, ξ, pa 1 a 3 q n , pa 1 a 3 q n ξu.
However,N ĎḠ is not a normal subgroup for b 1 pa 1 a 3 q n b´1 1 " pa 2 a 3 q n RN.
Remark 3.10. (i) In the above example, we could take X :" A 1 k and Y Ñ X to be the Artin-Schreier covering under F 2 if k is of characteristic 2.
(ii) We could also take A to be an abelian variety over a field l of characteristic ‰ 2, then D :" Ar2sˆll is a constant group scheme of order 2 2 dimpAq . Suppose Ar2s stays as a constant group scheme over l Ď L Ďl and D ։ Z{2Z is a surjective homomorphism (the existence of which is guaranteed by the fundamental theorem of finitely generated abelian groups and the fact that the order of D is even). Let k :" LpX 1 , X 2 ,¨¨¨, X m q M be as in the example, X :" Aˆl k. Then we could define the Z{2Z-torsor Y Ñ X to be the one obtained by taking the contracted product of the D-torsor X
Clearly Y is geometrically connected over k. In this example k is allowed to be of any characteristic ‰ 2.
Lemma 3.11. Let X be a geometrically connected quasi-compact scheme over a field k, G be a finiteétale group scheme over k, P be a G-torsor over X. IfP is a trivial G-torsor overX, then there is a G-torsor Q over k whose pull-back along X Ñ k is P .
Proof. Let K be an intermediate finite Galois extension of k Ďk over which G K becomes a constant group scheme and P K remains a trivial torsor. Since P K is a trivial G-torsor over X K , by choosing an X K -section for the projection π : P K Ñ X K we get isomorphisms (in the category of X K -schemes)
By Galois descent, giving the X-scheme P is equivalent to giving a twisted action of GalpK{kq on P K , i.e. a homomorphism f : GalpK{kq Ñ Aut X pP K q such that the following diagram
is commutative for all σ P GalpK{kq. One observes that, as X K is connected, such a twisted action on P K -š iPG K X K is none other than a permutation of the connected components in a twisted manner. The observation can be written more formally.
Let n P N`be the order of the k-group scheme G, S n be the n-th permutation group. Then there is a unique group homomorphism λ X : S nˆG alpK{kq Ñ Aut X pP K q whose restriction to S n is the permutation of the connected components of P K and whose restriction to GalpK{kq is
The observation means that there is a group homomorphism θ : GalpK{kq Ñ S n making the following diagram GalpK{kq f G G θˆid @ @ P P P P P P P P P P P P
commutative.
In the above, we could replace P K by the k-scheme G K " š iPG K Spec pKq to obtain a homomorphism λ k : S nˆG alpK{kq Ñ Aut k pG K q where G K is regarded as an object in the category of k-schemes. In this way, we get a homomorphism g : GalpK{kq θˆid Ý ÝÝ Ñ S nˆG alpK{kq λ k Ý Ñ Aut k pG K q making the following diagram
G G K commutative for each σ P GalpK{kq. In other words, we get a twisted action of GalpK{kq on G K . This defines a k-form Q for the K-scheme G K .
The X-scheme Xˆk Q is an X-form of the X K -scheme P K -X KˆK G K " Xˆk G K . From the very definition of Q we see that the twisted action of GalpK{kq on P K corresponding to the two X-forms Xˆk Q and P are the same. Therefore, by Galois descent P -Xˆk Q as X-schemes. On the other hand since G is a k-form of the K-group scheme G K , there is an action via group automorphisms φ : GalpK{kq Ñ Aut grp pG K q corresponding to G. As P is a G-torsor we have the following commutative diagram
for all σ P GalpK{kq and a P G K . Since the identification P K -X KˆK G K is equivariant under the right actions and the action of G K on P K is also just a permutation of connected components, we have another commutative diagram
for all σ P GalpK{kq and a P G K . Therefore, by Galois descent there is an action of G on Q over k which makes the isomorphism P -Xˆk Q equivariant under G. Hence Q is a G-torsor over k whose pull-back to X is the G-torsor P .
3.3. The Infinitesimal Case.
Proposition 3.12. Let X be a scheme geometrically connected separable over a perfect field k. Letx : Spec pkq Ñ X be a geometric point. Then the canonical map
is surjective, but not, in general, an isomorphism .
Proof. Suppose we have a saturated object pP, G, pq P I lc pX{k,xq. We take the image of the composition π L pX{k,xq Ñ π L pX{k,xq Ñ G, and denote it by H. By 2.2 there is pQ, H,P NpX{k,xq with a morphism pQ, H,ãÑ pP , G, pq.
As H Ď G is an infinitesimal closed imbedding (closed imbedding with nilpotent ideal sheaf), so isQ ĎP . Now take quotient by H on both sides. We get a section:
s :X -Q{H ÑP {H.
Since the projectionP ÑP {H is faithfully flat, the ideal sheaf of the sections is contained in the ideal sheaf of the infinitesimal imbeddingQ ĎP . Hence imbeddings :X "Q{H ãÑ P {H is also infinitesimal. AsX is reduced,X " pP {Hq red is the unique reduced closed subscheme ofP {H. Because k is perfect, we have pP {Hq red " pP {Hq redˆkk ãÑ pP {Hqˆkk "P {H.
We have known that the compostion X " pP {Hq red ãÑP {H ÑX is an isomorphism, so pP {Hq red Ñ X is also an isomorphism. In this way we get a section s for the X-scheme P {H. Now we pull back the H-torsor P Ñ P {H via s.
Then we get a triple pQ, H,P I lc pX{k,xq which dominates pP, G, pq. In other words, the map π L pX{k,xq Ñ G factors through the imbedding H Ď G. Hence if pP, G, pq is saturated in I lc pX{k,xq then pP , G, pq is saturated in I lc pX{k,xq. This means that πk k is surjective. For the failure of the injectivity see 3.15.
Corollary 3.13. Let X be a scheme geometrically connected separable over a perfect field k. Letx : Spec pkq Ñ X be a geometric point. The canonical map
is an isomorphism if and only if for any G-torsor Y ÑX with G a finite local k-group scheme, there exists a G-torsor P over X whose pull-back is isomorphic to Y as a G-torsor.
Proof. This is an immediate consequence of 2.2 and 3.12.
Lemma 3.14. Let X be a scheme over a perfect field k of characteristic p. If there is a reduced X-scheme Y whose pull-backȲ is a torsor overX under an infinitesimal k-group scheme G, and if Y 1 is an X-scheme, then anyX-isomorphism φ :Ȳ 1 -Ȳ descends to X.
Proof. The claim is true if only if there is a map ϕ : Y Ñ Y 1 fitting into the following diagramȲ
The problem being local on X, we could assume X " Spec pAq, Y " Spec pBq, Y 1 " Spec pB 1 q. We have to show that the image of the composition ι :
SinceȲ is a torsor overX under an infinitesimal group scheme, for any x P B b kk , x p n P A b kk for n P N sufficiently large. This implies that for any x P B, x p n P A for n P N sufficiently large, because A b kk X B " A inside B b kk . Conversely, if x P B b kk and x p n P A for some n P N, then x P B. Indeed, as k is perfect, we can assume x P B b k l for some finite separable extension l{k of degree m. Let l " kpαq for some primitive element α P l. Then x can be uniquely written as x " s 0`s1 b α`s 2 b α 2`¨¨¨`s m´1 b α m´1 with s i P B. Since α p n is still a primitive element in l, i.e. l " kpαq " kpα p n q, x p n P A implies that s p n i " 0 for all i ą 0. As B is reduced, s i " 0 for all i ą 0, hence x P B. Thus B Ď B b kk is the subset consisting of elements whose p n -th power is in A. By the same argument as above, any element x P B 1 has p n -th power in A. Hence ιpB 1 q Ď B b kk is contained in B. This completes the proof.
where φ has to be surjective for P is a connected scheme. By choosing ak-point q in the fibre of p P P pkq we get a morphism pφ, hq : pRes Xˆkl{X pP qˆkk, Res l{k pGqˆkk,Ñ pP, G, pq P IpX{k,xq.
Thus by 1.4, any object pV, pP, G, pqq P CpX{k,x, Iq is isomorphic to pV, pRes Xˆkl{X pP qˆkk, Res l{k pGqˆkk,which is contained in the essential image of θ˚. Therefore, by [DM, Proposition 2.21] , θ is injective.
